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Kamal al-Dtn al-Farist’s additions
to Abhart’s “proof” of the parallel postulate

MAHDI ABDELJAOUAD
Professor
University of Tunis
mahdi.abdeljaouad@gmail.com

ABSTRACT: This article is devoted to Kamal al-Din al-Farist’s (d. 1319) additions to the
well-known al-Abhart’s “proof™ of the parallel postulate. These additions are found in
only one codex, the manuscript Tunis 16167/7 also often referred to as one of the units of

Tunis, al-Ahmadiyya 5482 which is usually wrongly attributed to Qadi Zade al-Rami.

KEYWwORDS: Abhart, Farist, Ttst, Qadi Zade, Parallel Postulate, Arabic Euclidian geometry.

INTRODUCTION

Out of the ten works contained in the manuscript ms. Tunis 16167, the seventh
(folios 74a-75a) has not been studied before, nor edited and discussed by any
researcher. It contains two short additions to Athir al-Din al-Abhart’s (d. 1263)
“proof” of Euclid’s parallel postulate attributed to Kamal al-Din al-FarisTt (d.
1319) by an anonymous writer. We present this manuscript with focus on Kamal
al-Din al-FarisT’s additions and propose an edition of this text with an English
translation and notes.

Al-AbharT’s addition to the Parallel Postulate is well known to researchers in
the history of Arabic geometry. For example, in his History of non-Euclidean
Geometry, Rosenfeld [1988, 85-86] states that al-AbharT reworked Euclid’s Ele-
ments in a book known under the name Isiah al-Ustuqusat (Improvement of the
Elements) and, that his attempt “to prove the parallel axiom enjoyed the greatest
popularity in the 13™ century as well as subsequent centuries”.

This “proof” appears also in the commentary of Qadi Zade al-Rumi1: Sharh
ashkal al-ta’sts of al-Samarqandi with slight differences. In his commentary of

Abdeljaouad, Mahdi (2018-2019). «Kamal al-Din al-Farist’s additions to AbharT’s “proof” of the parallel
postulate». Suhayl 16-17, pp. 7-31. ISSN: 1576-9372. DOI: 10.1344/SUHAY L2019.16-17.1.
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al-Samarqgandi’s 18™ proposition, Qadi Zade [1984] explicitly mentions al-Abhart
and quotes his “proof” of the parallel postulate. It is remarkable to note that Qadi
Zade seems to ignore FarisT’s additions so that the latter’s contribution was absent
from all modern published histories of the parallel axiom. In this paper, we aim
to fill up the gap.

FARIST’S PLACE IN THE ARABIC EUCLIDEAN TRADITION

Kamal al-Din al-Farist was a prominent scientist of the 13"-14™ centuries whose
fame rested on his Tanqgth al-managzir (The revision of the Optics), acommentary
on Ibn al-Haytham’s Kitab al-manazir (The Book on Optics). He is also known
for his work on amicable numbers' and his commentary on Ibn al-Khawwam’s
(d. 1325): al-Fawa’id al-baha’iyya ft I-qawa'id al-hisabiyya, aimportant text-
book in arithmetic, algebra and practical geometry.> But, as far as we can find,
none of the standard bio-biographical sources has credited him with any substan-
tial work in Euclidean geometry; only some of his short commentaries and gloss-
es are extant. However, his proficiency in theoretical geometry, revealed by his
original treatment of geometrical optics must have been preceded by a period of
studying and teaching geometry, probably in Tabriz, when he was a student of the
polymath Qutb al-Din al-Shirazi (d. 1312). HiS Risala fi I-zawiya (Treatise on the
angle),’ and two short treatises explicitly attributed to him by an anonymous au-
thor, are witnesses of his acquaintance with both renditions of Euclid’s Elements
as presented by al-Tast’s and by al-AbharT’s. The first of these two short treatises
is An-nazar fi gawl al-Tast ft akhir al-magala al-thalitha ‘ashar (Reflexion on
what al-TasT said at the end of Book xi1r), the second is the subject of the present
paper, and both are found in the same collection of manuscripts, Tunis 16167,
copied in the fifteenth century.

1. Rashed [1982] has edited this treatise and translated it into French. Brentjes [1991] com-
ments on this paper.

2. Mawaldi [1994].

3. Mawaldi [2014].
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ABHARI’S ISLAH AL-USTUQUSAT

One cannot understand Farist’s additions without a review of AbharT’s “proof” con-
tained in his Islah al-Ustuqusat (Improvement of the Elements).+ Specialists of
the Arabic Euclidean tradition consider this book as part of the “the Arabic sec-
ondary transmission of Euclid’s Elements”, that is an edition mixed with addi-
tions and comments. This book has not been published but some of its features
have been studied. For example, while discussing interpolations in different edi-
tions (Greek, Arabic and Latin) of Book I of Euclid’s Elements, Sonia Brentjes
[1997-98] analyzes al-Abhari’s version among 12 other texts. Also, we realize
from the study by Gregg De Young [2004] of the Latin translation of Euclid’s
Elements attributed to Gerard of Cremona and by his confronting it with primary
and secondary Arabic transmissions that Ibn Stna’s (d. 1036) Usiil al-handasa
and Abhari’s Islah had a same major source.

While AbharT’s Islah seems to be retaining the structure of Euclid’s Elements
with its division in thirteen books, the editor introduces some additions and re-
organizes the order of some propositions. For example, just after a very short
introduction, he starts by listing Euclid’s basic definitions. However, when de-
fining parallel lines he inserts an alternate statement using distances between
two straight lines:

Parallel lines are those which are in a same plane and do not meet one another, even
if extended linearly in both directions. One may also say that parallel lines are those
which are in a same plane and, if extended linearly and indefinitely, the distance to one
another is always the same. Distance is the shortest line connecting them. (fol. 2a)

After the last definition, AbharT turns out to Euclid’s postulates; however,
he retains only the four first ones. He writes: (1) We have to make a connection
between any two points by a straight line. (2) To extend any limited straight
line rectilinearly. (3) To draw, with any point <as center> and <with> any dis-
tance (radius), a circle; (4) All right angles are equal to one another. Then, he

4. Copies of al-AbharT’s Islah kitab al-Ustugsat fi [-handasa It Uqlidis = Islah usial Uqlidis
can be found in Chester Beatty Ar. Ms. 3424. Some catalogues list two other copies, one in Bursa,
Husein Celebi 744 and the other in the Museum of Archeology Turkey, 596. For thiswork, we used
ascanned copy of the Chester Beatty manuscript.
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adds two statements absent from the Elements: (5) Two straight lines do not
<together> bound an area. (6) A straight line cannot be continued in a straight
line by two <different> straight lines. For each one of these six postulates, their
enunciation is followed by a “demonstration”.> AbharT’s fifth and sixth postulates
are the same as those listed by al-Samarqandi in Ashkal al-ta’ sts, edited by De
Young [2001, 62-63], who notes that the fifth “is found in all manuscripts of the
Arabic tradition”, while the sixth “is not found in the Arabic translations. Al-
though not included as a “postulate” by Proclus, it also seems to be rooted in
Greek discussions of the Euclidean text”. After the demonstration of the sixth
postulate, AbharT announces that Euclid’s parallel postulate shall be proved
later:

Euclid has added to these postul ates another one which statesthat if alinefalls on two
straight lines and makes the interior angles which are on a same side less than two right
angles, then the two lines meet on that side. (fol. 3b)

AbharT omits all Euclid’s common notions and starts immediately with propo-
sition 1 of Book I and, considering implicitly that the twenty-eight first proposi-
tions do not involve the paralel postulate which in turn has to be proved, he in-
troduces it as an addition (ziyada) placed between the twenty-eighth and the
twenty-ninth proposition:

Ziyada: if alinefalls on two straight lines and makes the interior angles which are on
a same side less than two right angles then the two lines meet on that side. Before
proving <this proposition> we start by an introduction <i.e. alemma>. (fol. 11b)

A letter written by ‘Alam al-Din Qaysar al-HanafT (d. 1258) to al-TasT con-
tains the assertion of the sixth century Byzantine scholar, Simplicius, that for
every interior point of an angle, one can draw infinitely many bases for the angle
such that some of them fall outside the given point. Al-AbharT’s takes Simplicius’
assertion as alemma for the proof of the parallel postulate and then he proves it
in three steps: (1) aright angle and an acute angle, (2) two acute angles, and (3)

5. De Young [2007] gives a translation of Shirazi’s edition of the six demonstrations. ABDEL-
JAOUAD [2014-2015] has presented an Arabic edition of these demonstrations with their translation
into English.

10
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an acute and an obtuse angle. Rosenfeld [2007, 86] summarizes AbharT’s proof of
the parallel postulate in this manner:

Al-AbharT’s proof of the parallel postulate for the case of a perpendicular and an oblique
line is the same as the proof of Simplicius’s proposition 2 (...). Unlike Simplicius, Al-
Abhart gives proofs of the two remaining cases of the parallel postulate. The case when
the transversal makes two acute angles with two straight lines is proved in the same
way as the first case by using an analogous figure. The proof of the case when the trans-
versal makes an acute and an obtuse angle with the two straight lines is the same as
Ibn al-Haytham’s proof of this case.

As arguments, he uses in his demonstration his own fifth postulate and six Eu-
clidian propositions (nos. 3 — 13 — 15 — 16 — 17 — 26)° referring to them in Arabic
alphabetical numeralswritten abovetheline. For example, in the beginning of the
proof of the Lemma, when he writes: “j O Jis » O Jads Gy E” the letter z refers
to the third proposition.

In the next section of this paper, we present in details AbharT’s “proof” with
Farist’s additions.

bl deiz oo Guslll 0B 3T has e g8y he US () bnpadl Jie bl dsbl ga dad 0w (g) 6

ds Bald) Llg3ll e gblite susly JS o) Jsdls oo dhais Yo lebli 5 g o T lhs (4) g Oluolue sf OB

2915 oo Basly S g phas] Bolodl 3 2 T sl o) Jd o & bt die gyol g 0 T i (3) Oluslucin 2 dais

oo 3 @ Gl Olysluze g 0 T Ellis g g 0 gl (55) .0éB o palsl Lagd «Cilin oo sl US (52) .0 d

Llsslls e3e¥ls oelibl o) Jsdls 0 2 Jio 51 @ld ol 5 & Jie g o T i (o g 0 glhog copdad US o 2 > Culis
ol S slue

Prop. 3: Wewant to cut off from the greater a straight line equal to the less.

Prop. 13: If aline stands upon another line, the two angles <formed> on its sides are either two
right angles or equal to them.

Prop. 15: Two straight lines AB <and> GD cut one another at point E, then | say that each one
of the opposite angles occurring at the intersection, at point E, are equal to one another.

Prop. 16: Intriangle ABG, side BG is extended by GD, then | say angle AGD produced is grea-
ter than either one of anglesA or B.

Prop. 17: In any triangle two angles taken together are |less than two right angles.

Prop. 26: The two angles B and G from triangle ABG are equal to the two angles E and Z from
triangle DEZ, respectively, and side BG from triangle ABG equals side EZ, or side AZ equals ED,
then | say that the two triangles are equal to one another, and their sides and angles are equal to one
another, each to its corresponding part.

II
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ABHARI’S “PROOF”’ OF THE PARALLEL POSTULATE
WITH FARISI’S ADDITIONS

The treatise starts by an introduction praising FarisT and reporting that the latter

considers AbharT’s “proof” of the parallel postulate as the best known to him. He
quotes explicitly AbharT’s zivada:

The best known way to prove the famous Euclid’s Postulate is what Athir al-Din al-
AbharT’s has written in his Amendment to Euclid’s Elements. He <i.e. Abhart> writes:
“Before proving it <i.e. the postulate> we start by an introduction, that is: Angle ABG
is halved by line BH. Then I say: It is possible to draw in it [this angle] infinitely many
chordsin such away that they are located one under the other and each of them isthe
base of an isosceles triangle”.

Then he reproduces AbharT’s entire text introducing in it two changes: the first
isthe addition of his own argumentsin the proofs of the lemma and the postul ate,
and the second is the suppression of the numbers of the propositionsreferred toin
the arguments.

We divide Text 7 into eight sectionsfor ease of reference. Section 1 containsa
preamble; sections 2, 4, 6, 7 and 8 reproduce the whole treatise of AbharT, while
sections 3 and 5 contain additions of al-Farisi to Abhari’s work.

Section 1: It contains a preamble written most probably by one al-Farisi’s stu-
dents. It is devoted to along praise of the multiple qualities of his master who is
supposed to have added some commentaries to al-Abhart’s proof of the parallel
postulate found in his Isiah. Absent from Qadi Zade’s Sharh, this preambleis re-
placed by asimple notice added after Proposition 23 and saying: “this is the place
for the promised proof of the well-known postulate. The philosopher Athtr al-Din
al-Abharf said:...”.

Section 2: It contains avery helpful lemma needed in the demonstration of the
parallel postulate. It says that given any angle, “it is possible to draw in that angle
infinitely many chords located one under the other”. That means that one can con-
struct many isoscel es triangles with their bases perpendicular to the bisecting line
of the given angle. The steps for the proof are as follow:

The line BH bisects the given angle ABG.

Let EBZ be an isosceles triangle with BE on the side BA of the angle and BR
on theside BG.

Let be H the intersection of EZ and BH.

12
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Therefore the two triangles EBH and ZBH are equal and BH is perpendicu-
lar to ZR.

Take BT on BA and BK on BG such that BT = BK. Then segment TK does not
cut segment EZ.

(diagrams 1 t0 4).

B 5 B ]
VN N
/ / \ 5
(f.-' Zf——H—L\§ Zr—-ﬁ—\s
g \ K1 \1
Y / \ rd L S
G/ L -\. QI \‘ N
W ¥ H A / \A / A
\ b} '-\. \
diagram 1 diagram 2 diagram 3 diagram4

Al-AbharT does not justify the first four steps since he uses implicitly several
propositions of Book 1.

For step 5, which is essential in the proof, one has to show that lines TK
and EZ meet neither in H nor in any point inside HZ. Indeed, if TK intersected
EZ in H there would be two straight lines both perpendicular at H to the straight
line BH and this is impossible. And, says al-AbharT, TK does not intersect HZ
since if it did, two straight lines would enclose one area; and thisis also im-
possible (figures 5 and 6). This is the place where al-Farist adds his own ex-
planation.

diagramas diagrama 6

13
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Section 3: Al-Farist’s first addition.

It starts by a question, al-Farist speaking: “I say: why line TK does not meet
line EZ at a point other than H?” His answer is that the situation is not different
from the first one when TK intersects EZ in H. When the straight line TK falls on
EK at Z, it either coincides with the straight line ZK, which is impossible, or it
does not coincide with it and then two straight lines would enclose a surface, and
thistoo isimpossible (diagram 6). Here ends al-Farisi’s explanation.

Section 4: The sections that follow are devoted to the proof of the parallel
postulate when different hypotheses are considered. Al-AbharT wants to prove the
following general statement “A line falling on two straight lines and making the
two interior angles on one side lessthan 180°, when extended indefinitely on that
side the two lines will meet”. Three cases are possible: either one interior angle is
acute and the other right, or both are acute or one is acute and the other obtuse.

Section 5: Proof of the case where one angle is right and the other acute.

Let the two lines be AG and BD, and the connecting line AB and suppose
2BAG acute and 2 ABD right. Al-AbharT constructs an isosceles triangle EAT
with T on AG, admitting AB as abisecting line for the angle « EAT and such that
line DB is entirely contained in EAT. Here are the steps of this construction:

Construct an angle 2BAE equal to BAT with AT on lineAG and AE = AT.

Join points E and T. Let Z the intersection of ET and AB. Then AZ is perpen-
dicular to ET.

In angle 2EAT choose chord ET such that AZ > AB, (as consequence of the
preceding lemma). Then line DB is entirely contained inside triangle ETZ.

diagram 5-1 diagram 5-2 diagram 5-3

At this point of the proof, al-FarisT adds some arguments justifying step 3.
Section 6: Al-Farisi’s arguments.

14
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Al-FarisT starts by asking some questions: “Why should one of the chordsfall
under point B, and why isit not possible that all chordsfall between <points> A
and B since AB may be indefinitely divided?”.

Heisimplicitly using the infinite divisibility of a magnitude, a principle at-
tributed to Aristotle. He objectsthat, in thelemma, it is said that one can construct
an infinite number of chordsin angle ABG, but what if all these chordsintersect
line AB inside segment AB? To this objection, al-Farist points out that the infinite
divisibility of a segment is unsubstantial (immaterial) and can only be thought
virtually while cutting off segments from AB is concrete and their total length is
infinite and cannot be limited by the length of line AB.

Section 7: Al-Abhari ends his proof of the first case of the parallel postulate in
three steps.

Line AZ is perpendicular to ET (as a bisecting line of the isosceles triangle
EAT).

Line RT does not intersect line BD (if it did there would exist a triangle with
two interior right angles).

Line BD, when extended linearly, intersects necessarily AT.

For step 3, al-Abhart isimplicitly using the so-called Pasch axiom. It says that
“A straight line lying inside a triangle and cutting one of its sides not at a vertex
intersects one other side of the triangle”. Euclid used it implicitly in severa proofs.
So when extended indefinitely, in the side of C and D, the two linesAG and BD
such that zBAG isacute and 2ABD right, meet necessarily.

Section 8: Al-AbharT now supposes that both angles ~«BAG and 2ABD are
acute and he proves that, when extended indefinitely on the side of G and D, the
two linesAG and BD meet. Five steps are needed:

(1) Construct angle «BAE equd to «BAG; then AB isabisecting line of angle
2EAG.

(2) Make chord ER cutting AB in H such that AH > AB, with R on AG and
AR =AE.

(3) 2«HBD isobtuse since ABD is acute.

(4) Line ER does not intersect BD on the side of D and R, (since if it did,
it would result a triangle with interior angles one right and the other
obtuse).

(5) Then line BD when extended meets AR.

I5
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diagram 8-1 diagram 8-2 diagram 8-3

So when extended indefinitely in the side of G and D and when both 2BAG
and 2ABD are acute, the two linesAG and BD meet necessarily.

Section 9: Al-AbharT now assumes that line EZ falls onlinesAB and GD mak-
ing angles ~BEZ acute and ~DZE obtuse, with LBEZ + ~DZE = 180°. He proves
that, when extended indefinitely on the side of B and D, thetwo linesAB and GD
meet. Seven steps are needed:

(1) Bisect line EZ.

(2) Drop aperpendicular HT from point H on line GD.

(3) FromH, extend linearly HT toward M.

(4) +THZ is acute since «BEH isright.

(5) 2EHM and BEH are acute.

(6) Thetwo linesAE and HM meet on the side of B and M (as shown in sec-
tion 8). Let K be the intersection point.

(7) Angle EKH isobtuse; otherwise it would be right or acute.

diagram 9-1 diagram 9-2

16
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A
A A

) z G D z T G

diagram 9-4 diagram 9-5 diagram 9-6

The seventh and last step needs to be proven on its own.

diagram 9-7

(&) 7.1 Assumethat zEKH isaright angle.
> 2EKH + 2EHK = £HTZ + 2 THZ.
=> «KEH = 2HZT.
> «DZE + £EZT = «DZE + 2KEH.
> «DZH + £HZT < 180°, since «DZE + «KEH lessthan 180° (by
hypothesis).
= Thisisimpossible, since zDZH and 2HZT are the two angles in Z.
= «EKH cannot equal aright angle.
(b) 7.2 Assumethat ~EKH isan acute angle.
> «EKH acuteand 2KTC right.

= Lines AB and CD meet on the side of A and C in a point L. (as
shown in 8§6).

7
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But zBEZ + 2DZE < 180° (by hypothesis) and 2AEZ + 2KEZ = 180° (by
construction), so angle zDZE is smaller than angle z AEZ. This is impossible,
since an exterior angle of atriangle cannot be smaller than an interior angle op-
positetoit. Then, 2EKH isnot an acute angle.

Therefore, 2EKH is neither right nor acute, it is obtuse and angle «DTK is
acute; and since zEKH isaright angle, linesAB and CD meet on the side of B
and D (asshownin 86).

Thisisthe end of the proof of thethird case. The parallel postulate is supposed
to have been proved.

FINAL REMARKS

Al-AbharT is one among several pre-Islamic, Islamic and post-Islamic mathema-
ticians who tried to deduce this postulate from the preceding ones. In his History
of non-Euclidean Geometry, Rosenfeld (1988, viir) gives “a detailed account of
the attempts to prove Euclid’s fifth postulate, the so-called parallel postulate; these
attempts led directly to Lobachevski’s discovery”.

While exposing al-Abhart’s “proof™ of the parallel axiom, al-FarisT adds two
remarks, one at the third section and one at the sixth. Each time, he begins by intro-

ducing the subject by an interrogation.

Section 3: “I say: why line TK does not meet line EZ at a point other than H?”.
Section 6: “Why should one of the chords fall under point B, and why is it not possible
that all chords fall between <points> A and B since AB may be indefinitely divided?”.

For section 3, al-Farist says that whether lines TK and EH share point H or
have a segment in common, that would mean that two straight lines could bound
a plane figure. This contradicts AbharT’s axiom 6.

In section 5, al-AbharT writes “So draw these chords <one under the other> until
one of them falls under point B”. This statement, notes Rosenfeld [1988, 86], is “the
same as Simplicius’ proposition 1 and al-JawharT’s proposition 30, and al-AbharT’s
proof differs little of other proofs of these proposition”. In fact, for al-Abharf, the
fact that TK fallsoutside of AB isevident and needs no argument. He does not give
an answer to the objection contained in the letter of ‘Alam al-Din Qaysar ibn al-
Qasim al-HanafT to al-TasT pointing out that it is not proved that chord TK will fall
outside AB for “every chord that subtends the angle ZBD will fall between points

18
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A and B, for AB is infinitely divisible”.7 In section 6, Al-FarisT wants to remove this
objection by opposing imagination and virtuality “that the infinite divisibility of a
segment is unsubstantial (immateria) to a physical concrete argument, cutting off
segments from AB is concrete and their total length iswithout end, so it cannot be
limited by the length of line AB”. Al-FarisT, who combined theoretical investigations
with practical experimentation in hisworks on optics, has—in thistext— no reluc-
tance in introducing in his mathematical proofs unorthodox arguments, as motion
and concrete division of segments.

THE MANUSCRIPT TUNIS Mss-16167/7

The short work under consideration here belongs to the codex Tunis Mss-16167
(also known as Ahmadiyya 5482) and isthe seventh unit (ff. 74a-75a) among ten,
all devoted to commentaries on Euclid’s Elements.? Rashed [2002, 736] presents
a short description of the codex and lists this particular FarisT’s treatise as the sixth
unit instead of the seventh, for he mixes two works of FarisT ignoring the exist-
ence of FarisT’s addition to Book X111 of al-Tast’s Tahrir. (cf. Abdeljaouad [2014-
2015])

The Tunis codex is composed of go falios, 13x21,5 ¢cm, 23 lines each, and cop-
ied with nasta’lig script by a single hand: Darwish Ahmad al-Karimi who ended
copying it in 869/1464. FarisT’s treatise contains four diagrams placed at the end of
the proofs. Most of the treatises of this collection of manuscripts have been ana-
lyzed, and some have even been edited and trandated into French, English or Per-
sian.® Our text seems to be the only known extant copy of the treatise.

For the critical edition, we use as comparing source the Chester Beatty Ar. Ms.
3424 copy of AbharT’s Islah. When editing and reproducing AbharT’s proof of the

7. Sabra [1969, 9].

8. This volume also contains the well known Ibn al-Haytham’s (d. 1038) Sharh musadarat
Uqlidis I-Ibn al-Haytham [Commentary on the Premises of Euclid’s Elements] (ff. 1b-59b), Al-
‘Abbas ibn Sa‘1d al-JawharT’s (d. 835) Ziyadat al-*Abbas ibn Sa‘td ft I-maqala al-khamisa min
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